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Instructions:

1. Each candidate is provided with the following documents:
1.1 Question paper including cover page — 22 pages
1.2 One sheet of draft paper

2. Fill in your JAE No., campus, building, room and seat no. on the front page of the examination
paper.

3. There are 5 questions in this paper, each carries 20 marks. Answer any 3 questions. Full mark
of this paper is 60.

4. Put your answers in the lined pages provided. Answers put elsewhere will not be marked.

5. Show all your steps in getting to the answer. Full credits will be given only if the answer and
all the steps are correct and clearly shown.

6. The diagrams in this examination paper are not drawn to scale.

7. Calculators of any kind are not allowed in the examination.

8. Answer the questions with a blue or black ball pen.

0. Candidates must return the question paper and draft paper at the end of the examination.
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Answer any 3 questions, each carries 20 marks. Write down the answers on the 3 lined pages

following each question.
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bo v B #77F » ABCD-EFGH 8% 4 4 énit = = &8 » MN % ADHE ¥ &
B &3 TAAD 8 N> ® |MN| =1>K 4835, DCGH ¥ 8 o

(@) & cosZMBK - (10 ~)
(b) (i) #P MA %3 AB- (2 ~)

(i) #2444 M-ABD 4t » s £28 D 1T 5 AMB iedg. (8 4)

In the above figure, ABCD-EFGH is a cube with edge length 4, MN is a segment
in ADHE perpendicularly bisects AD at point N, and | MN | =1. Point K is the
center of the square DCGH.
(a) Find cos ZMBK. (10 marks)
(b) (1) Show that MA and 4B are perpendicular. (2 marks)
(i1) Find the volume of the triangular pyramid M-A4BD, and hence find the

distance from point D to the plane AMB. (8 marks)



(a) ¢ e f(x)=x"-3x"-9x+2 o

) & flx) 2 f'(x) - 2 ~)
() & f(x) 05 S0IE % BE ~ B 304E] B fodE B o (6 )
(iv) g o y=f(lx)-2 - (2 2)

(b) Fd ¥ B y=x’-3x"-9x+2 fri M y=x+2 #& PN DHFF o (84)

(a) Given function f(x)=x"—3x>—-9x+2.
(1) Find f'(x) and f"(x). (2 marks)

(i1) Find the local maximum points, local minimum points and inflection points

of f(x). (6 marks)
(111) Sketch the curve y = f(x). (2 marks)
(iv) Sketch the curve y = f([x)-2. (2 marks)

(b) Find the area of the region bounded by the curve y =x"—3x*—9x+2 and the

straight line y=x+2. (8 marks)



3. A Piy=(x—1)" % B A(-13) °
(a) WibB A 2 81 P gprcns if 8 P A ulfp ng B 2 Co RiEe iF i

g% fe > T REE B 2 C R o

[#7: K y-3=m(x+1) 57N> 47 0 ] (12 #)

- v oerx raan e . 4 N
b) # a ziEdiErRaid i FP tana= 3 2 =)
(c) = &35 ABC s F4 - (6 4)

Given parabola P:y=(x-1)> and point A(-1,3).
(a) Suppose the two lines passing through A4 and tangent to P touch P at points B and C.

Find the equations of the two tangent lines, and find the coordinates of points B and C.

[Hint. Suppose the equation of the tangent line is y—3=m(x +1).] (12 marks)
(b) If « is the angle between the two tangent lines, show that tana = % (2 marks)
(c) Find the area of the triangle ABC. (6 marks)
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40 (1) f e s fa R Y 6 4)
X _1 n:2n _1

D) % fa)”, S-HA B a=2 % a. —a -+ n=123..

n=1
a

n

1) & vk slLHEEh> cFmM h+—>Ak+2 -
() % h 4o k 4 & h\/;”h}ll«/kz

_ 1

[#e7: 4R (h+;)2°] (3 #)

() * () 2 BB #PHELL FHon a,>V2n+1 - (3 A)

(iii) ;qb,,:jn_ » n=123,... o %W %a v n=123,... o 8 A)
n n

10
1
—— . Hence find z

X _1 nzznz_l'

(a) Find the partial fractions of (6 marks)

(b) Let {a,}”, beasequence satisfying a, =2 and a,, =a, +L, n=123,...
a

n

(1) Suppose / and k are positive numbers and 4 > Jk . Show that 7 +% >Alk+2.

[Hint: Consider (% +%)2 Ny (3 marks)

(i1) Using (1) and mathematical induction, show that for any positive integer n,

a,>~2n+1. (3 marks)
(iii) Let b, = 4, , n=123..... Show that %< 1, n=12,3,.... (8 marks)

Jn b,



5.

a a2 a
@ ASAfREAS (b BB 8 A)

2 3
c c C

(b) () &7 7|7 f2 40 il {3

X=2y+z=-3
{ prems (4 2)

—-2x+5y+z=95
@) f1* () g fE > & HE 22 Ry¥fcp fov g EREF T RETF

s

T S AR e enfiE:

x=2y+z=-3
—2x+5y+z=5 - &%)
px— y—z=4q
a a a
(a) Factorize the determinant |b b° b’ ]|. (8 marks)
c ¢& ¢

(b) (1) Find the general solution of the following system of equations:

x=2y+z=-3
. (4 marks)

—-2x+5y+z=5

(i1) Using the general solution obtained in (i), or otherwise, find the values of the
constants p and g such that the following system of equations has a solution, and

give the solution:

X=2y+z=-3
—2x+5y+z=5 . (8 marks)
pxXx— y—z=q
*E=

End of Paper
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(a) F] |BK['=24 » |[BM[=21 %2 |MK[=9
|BM| +|BK[ -|MK| 3

cos ZMBK = o
2| BM || BK| J14
(b)(i) 7| BAL AEHD % MAc AEHD > % BALMA -

1 1 8
(i) M—ABD w84 =§|MN|(5|AB||ADIJ=§

X h iZB D ITw AMB cpEd > R
2\/§h,” 4

= h=—=-

3 J5

D— AMB =43 f =%h6 | AM || AB |j -

(@ (1) f'(x)=3x"-6x-9 % f"(x)=6x—06 °
() f'(x)=03x"-6x-9=0=3(x-3)(x+1)=0=x=3 or x=—1-

¥ ox<ol B L0500 & f(x) LigH-
3 —l<x<3 B f'(x)<0 0 & f(x) Fippea-
§3<x B L0500 & f(x) Lk
Flgt o f(=D)=7 - hivExBE f(3)=-25 - hitE] e
f"x)=0=6x-6=0=x=1 -
§ x<l B ofr0<00 & fx) L
§ x>l B {0500 & f(x) A
Ft o f()=-9 -5

(1i1)
y
10 A
/\O\ 1,
-4 -2 5 2 4 6
V=1t
-15
-20
-25

-30



(iv)

/ y=fllx|)-2

-25

-30

y=x"=3x"=9x+2

(b) % { » i R Ciy=x"-3x"-9x+2 frE MR

y=x+2

Liy=x+2 2% x=2>x=0 fr x=5° % 2<x<0 > ¢ RCE i ML 2
s F0<x<S d MCEALEMLZT o gt hke ff 5

0 5
j_z(x3—3x2 —9x+2)—(x+2) dx+j0 (x+2)—(x" =3x> —9x +2) d

0
= _2)63 —3x*—10x dx+J‘05—x3 +3x% +10x dx

4 0 4 5
I B A
4 -2 4 0

: o y=(x-1)
(@) XrRL > 425 y=m(x+1)+3 ° d -
y=m(x+1)+3
=1 =m(x+1)+3 » €A ¥
xz—(2+m)x—(2—|—m):() o (*)

F] L AP R & (F) F 2 €490 B uR & 00 Fp

[-Q2+m)] —4()(2-m)=0 > ¥ m’+8m+12=0 ° F]p T m=—6 & m=-2 o
Gm=—6 -9 (*) @ X +4x+4=0 j&a Fx=-2 o ) PF > PR L 425
y=—"06x-3>d x=-2 #Fy=9&»8L (2,9 -

2 2 2 ) Lz o v
Xm=-2-d (%) 8 x =07 Fx=0c P> 2RLa>F25

y=-2x+1>4d x=0 #Fy=1->g5% (0,1) -



4,

(b) % tanf=-2 % tanf,=—6 > # ¢ —%<92<91<0 B a=0-6, -

tanf —tan6, _ (=2)—(-6) 4 |
1+tang tan@, 1+(-2)(-6) 13

F]¥Y tana =tan(f, - 6,) =

4 4 4
2 B: _2,9 % C: 0,1 ° ‘:“L_E? t = — = = ’
(c) & ( ) 0,1) - 3 ana 13:>Slna NI

| AB = y[-2— (=D +(9-3)’ =37 » | AC = \[0- (D +(1-3)" =+5 -

= 475 ABC T ff & %(|AB|sina)|AC|=2 o

(a) & ! 4 + B K 1=A(x+1)+B(x-1)=(A4+B)x+(A-B) ¥ A+B5=0
a z = o M = X X — = X — 1= ’
=1 x-1 x+1 e ] A-B=1
1 1
25 A:— % B:—— o & LL
=S ) 5 ]
] :(/_/jzz/_zy
-1 S\n-1 n+1) Sn-1 Sn+l
1(1 1 1j 1(1 1 1j 1( 1 1 1)
= - 4+—4it— |- ==+t — == 1+ ——
2\1 2 9) 2\3 4 11) 20U 2 10 11
_36
55

2
(b)) 7 (h+%) :h2+2+%>k+2+h%>k+2 ’ éfch+%>\/k+2 o

(i) % P(n) ~4& &3 “a >2n+17 % n=1>g=2>3=L201)+1 >

o OP() * o BEREEEEERLE Pk) 20T a >2k+1 o B

ak+1:ak+i>\/(2k+1)+2:\/2(k+1)+1
a

k
B2 ERFHEa, >V2k+1 2 () 42d e Pk+1) & F oo

RBEFFRERIZ > Pn) 475 &l n 31382 o

(i) * (i) % >}

10



bn+l _ aﬁ/\/ﬁ _ (an + %n)\/; \/;

—(1+)
bn % an\/n+1 a,zl n—l—l

ety 2andn 4w ean

20+ n+1  @n+DWn+1  Jan® +4n+1

<1
(@)
a a* a 1 a & 1 a a’
b b bl=abcll b b*|=abcl0 b-—a b*—d*
c & 1 ¢ ¢ 0 c—a c*-d?
1 a a°
=abc(b—a)(c—a)l0 1 b+a|=abc(b—a)(c—a)(c—Db)
0 1 c+a
. x=2y+z=-3 x=2y+ z=-3
(b) (1) =
—2x+5y+z=5 y+3z=-1

LT e

() # (1) gzt r 5=z E>4 85 Q-Tpt+(1-5p)=q -

Sp+q-1

2
- ¢_ , ‘l h~ /—{Tf_?‘ s t:
D 7 PI¥ER g ~7p

o B AR M efiE G

ve2la, 1=8p=3¢ - _Sp+g-l
2-Tp 2-Tp 2-7p

D

i -

2 3
; ) Eujq:(l—Sp):_; o pLEE > (b)(i) ¢ ARl ﬁ;i&g‘ﬁb = 42 0 th

11



Suggested Answer
1. (a)Since |BK =24, |[BM['=21 and |MK ['=9, we have

|BM[ +|BK| —|MK| 3

cos ZMBK = )
2| BM || BK | J14

(b) (i) Since BA L AEHD and MAc AEHD ,we have BA 1 MA.

1 1 8
(ii) The volume of M—ABD=§|MN|(E|AB||AD|j:§_

Let % be the distance from point D to the plane AMB. Then

1 2J5h

the volume of D—AMB =§h(% | AM || AB |j:T Hence h= %
2. (@)@ f'(x)=3x"-6x-9 and f"(x)=6x-6
() f'(x)=0=3x"-6x-9=0=3(x-3)(x+1)=0<=x=3 or x=—1.
When x<-1, f'(x)>0 andhence f(x) is increasing.
When —1<x<3, f'(x)<0 andhence f(x) is decreasing.
When 3<x, f'(x)>0 andhence f(x) is increasing.
Thus, f(-1)=7 1is local maximum point and f(3)=-25 is a local minimum point.
f"(x)=06x-6=0<=x=1.
When x<1, f"(x)<0 and hence f(x) isconcave.

When x>1, f"(x)>0 and hence f(x) is convex.

Thus, f(1)=-9 is an inflection point.

(iii)
0
/\O\ 1,
-4 -2 5 2 4 6
V1)

-15
-20
-25

-30

12



(iv)

y=f(lx|)-2

-30

i y=x"-3x"-9x+2 3 )
(b) Solving 5 , we know that the curve C:y=x"-3x"-9x+2
y=x+

and the line L:y=x+2 intersectat x=—2, x=0 and x=5 - When —2<x<0, the
curve C is above the line L. When 0<x<5, the curve C is below the line L. Hence

the required area is
0 3 2 > 3 2
j_2(x —3x* —9x+2)—(x+2) dx+j0(x+2)—(x —3x* —9x+2) dx

0
= _2x3 —3x*—10x dx+J‘05—x3 +3x% +10x dx

4 0 4 5
R B [ o
4 -2 4 0

3. (a) Suppose the equation of the tangent line L is y = m(x +1)+3. From

{y=(x—1>2

,we get (x—1)> =m(x+1)+3 and hence
y=m(x+1)+3
¥ =2+m)x—2+m)=0 (*)

As L is a tangent line of P, (*) has a double root and so its discriminant is 0. Hence we

get [-(2+m)] —4(1)(-2-m)=0, i.c., m*+8m+12=0.Thus, m=—6 orm=-2.

Suppose m=-6. From (*) we get x*+4x+4=0 and hence x=-2.Now, the tangent
lineLis y=—6x-3.As x=-2 weget y=9. Hence the tangent point is (-2,9).

Suppose m=-2. From (*) we get x*=0 and hence x=0.Now the tangent line L is

y=-2x+1.As x=0 we get y=1.Hence the tangent point is (0,1).

13



(b) Suppose tanf, =-2 and tané, =—-6, where —%<92 <6, <0.Then a=6-06,.

tanf —tan6, _ (-2)—(-6) 4
I+tand, tand, 1+(-2)(-6) 13~

Hence tana = tan(6,-6,)=

(c) Suppose B=(-2,9) and C=(0,1). Compute tane = % = sina = 4 __4

Ja 137 1857
| ABI=\[-2— (=D +(9-3)* =37, |ACI=[0—(=DF +(1-3)* =+5.

1 .
The area of triangle ABC is §(| AB|sina)| AC|=2.

1 A B
(a) Suppose ——= + .From 1=A(x+1)+B(x—1)=(4A+B)x+(4A—B) we get
x -1 x-1 x+1

{A+B=0

. Hence A=l ande—l. Thus,
A-B=1 2 2

0 10 Y, Y, 10 Y, 10 Y
;nz-l: [ hooNh jzz 2 3 2

= n—l_n+1 nzzn—l_n:2n+1

1(11 11(11 11(111
= —4+—Ft— -]+t — == |+
2(1 2 9) 2\3 4 11) 20U 2 10 11
_36

55

2
(b)(1) Since (h+%) =h2+2+%>k+2+h—12>k+2,wehave h+%>\/k+2.

(if) Let P(n) be the proposition “a, >+/2n+1”. When n=1,
a=2> 3 =.2(1)+1 andthus P(1) is true. Suppose for some integer &,

P(k) istrue,i.e., a, >~/2k+1.Then

a,, =a, +i>\/(2k+1)+2 =J2(k+1)+1,
a

k

in which the inequality can be deduced from «, >+/2k+1 and (i). Hence

P(k +1) is true. By the principle of mathematical induction, P(n) is true for all

positive integers 7.

14



(i11) Using the result in (i1), we have

bn+1 _ “M/m _ (an + %n)\/; \/;

= (4 5)
b, %; an\/l’l-l-l a,f n+l1

et i 2D\ Nan+4n

2041 n+1  Qn+Wn+l Jan® +4n+1

<1
(@)
a a* a 1 a & 1 a a’
b b bl=abcll b b*|=abcl0 b-—a b*—d*
c & 1 ¢ ¢ 0 c—a c*-d?
1 a a°
=abc(b—a)(c—a)l0 1 b+a|=abc(b—a)(c—a)(c—Db)
01 c+a
. x=2y+z=-3 x=2y+ z=-3
(b) (1) =
—2x+5y+z=5 y+3z=-1

Let z=t¢. Then the general solution of the system of equations can be written as
x=—Tt-5 > y=-3t—1 > z=t > where t is any real number.
(i1) Substituting the general solution in (i) into the third equation, we get

2-Tpy+(1-5p)=¢q.

S5p+q-1 ‘
If p ¢; then forany ¢, 1= T . Hence the solution of the system of
—-/p

—3-q y:1—8p—3q ’ Z:5p+q—1.

equations is X = 27p ~7p 2~7p

2 3
If p =; then g=(1-5p)= = Now the general solution of the system of

equations in (b)(i) is the solution of this system of equations.
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