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Date: April 2, 2017 Examination time: one hour

Instructions:

1.

10.

Each candidate is provided with the following documents:

1.1 Question paper including cover page — 4 pages

1.2 One answer booklet

1.3 One sheet of draft paper

Fill in your JAE No., subject code and title, campus, building, room and seat no. on the front
page of the answer booklet.

There are 5 questions in this paper, each carries 20 marks. Answer any 3 questions. Full mark
of this paper is 60.

Put your answers in the answer booklet provided. Answers put elsewhere will not be marked.
If more than 3 questions are answered, only the first 3 will be marked.

Show all your steps in getting to the answer. Full credits will be given only if the answer and
all the steps are correct and clearly shown.

The diagrams in this examination paper are not drawn to scale.

Candidates may use a non-programmable calculator which is silent during operation.
Candidates are strictly prohibited from using a calculator with print-out, graphic/word-display
functions.

Answer the questions with a blue or black ball pen.

Candidates must return the question paper, answer booklet and draft paper at the end of the

examination.



Answer any 3 questions, each carries 20 marks.

In the above figure, A-BCD is a triangular pyramid, AC is perpendicular to

plane BCD, #BCD =%, | AC|=|CD|=1 and |BC|=2. LetE be a point
on BD such that AE is perpendicular BD.
(@) (i) Find the distance from point B to line AD.
[Hint: Show firstly that |BA|=|BD| .]
(if) Find the distance from point C to plane ABD .

(b) (i) Prove that CE is perpendicular to BD.

(i) Find the dihedral angle A-BD-C. Express your answer in terms of tan™.
[Hint: Find |EC| ]

2. (a) Arectangular block has volume 72 cm®. Its length, width and height are 2x cm,
x cm and h cm, respectively, where 1< x <6.

(i) Express the surface area of the block as a function S(x) in x.

., dS d’s
(i1) Find ™ and proe 1<x<6.

(7 marks)

(5 marks)
(2 marks)

(6 marks)

(3 marks)

(2 marks)

(iii) Sketch the curve y =S(X). Indicate in the graph the local maximum points,

local minimum points and inflection points.

(iv) Find the maximum and minimum values of S(x).

(b) Find the value(s) of a such that the area of the region bounded the curve

y = ax(a—x) and the x-axis is % :

(6 marks)
(2 marks)

(7 marks)



3. Let L:y=mx+c (m=0) beatangent line of the parabola P:y*=2x.
(@) Show that c = L : (6 marks)
2m

(b) Suppose L, and L, are two different tangent lines of the parabola P and their
slopes are nonzero numbers m, and m,, respectively.

(1) Find the intersection point A of L, and L,.Express your answer in terms of

m, and m,. (7 marks)
(i) Suppose m, +m, =1. Find the locus of point A. (7 marks)
4. Let i=+-1.

(@) Let z=cos@+isin@, where & isareal number.

(i) Use mathematical induction to show that z" =cosné@-+isinn@ for all positive

integers n. (6 marks)

n

(it) Show that for all positive integersn, z" + in =2cosné. (5 marks)
z

(b) Using the result in (a) (ii), prove the identity 8cos* @ =cos46 +4cos20 +3. (5 marks)

(c) Using the result in (b), find the general solution of cos46 +4c0s260+1=0. (4 marks)
1 a®> b+c
5. (a) Factorize the determinant |1 b*> c+a|. (8 marks)
1 ¢ a+b
. . . X—2y+5z2=2
(b) Find the general solution of the system of equations . (3 marks)
33X+ y+ z=13

(c) Given a system of equations with unknowns x, y and z:

X—2y+52=2
(E): <3x+ y+ z=13,
px+ y— z=3
where p is a constant.
(i) Find the range of p such that (E) has a unique solution. (3 marks)

(if) Using the general solution in (b), find the range of p such that (E) has a unique

positive solution (X,y,z),i.e. x>0,y>0,2>0. (6 marks)

End of Paper
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o

Al

, 1 1Y
m1m2:m1(1_m1):m1_m1:Z_ ml_z <

o 1, 1
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4.

(@ (@) & S(n) ~& &L “z"=cosn@+isinn@” > 5 N=1>5(1) PiE= = o B
0 sk o S(k) * = T z“=cosk@+isinkd o B
Zk+1:ZkZ

= (cosk@ +isinkd)(cos @ +isinb)

= (cosk@cos @ —sinkdsin @) +i(coskdsin 9 +sinkd cos )

=cos[(k +1)a]+isin[(k +1)4] -

7o S(k+1) » =2 o FRyGEFFFRE RIL > S(n) Hor L FEoN g2 oo
(i) 7]

2"z"=(cosf+isimb) (caP—isimfd)=cosnd+sihnd=1 -

. 1 = - P 1
& —=1"=(cosn@—isinng) - j&m ¥ 3] 2" +-—=2cosnd -
z

() * (i) F%

4
cos* @ = F(z +1H
2 Z
:i(z“+4z2 +6+4i2+i4j
16 A
1

Aottt

:%(200546’+80032«9+6) 0

d b P AefE F a2 o
() * (b) eng% »
codd+4co020+1=0
<co0d40+4co080+3=2
=8co%h=2

J2

Scofg=1t—
2

10



(@)

1 a®* b+c| |1 a? b+c 1 a* b+c
1 b®> a+c/=|0 b*-a* a-b=(a-b)j0 —-a-b 1
1 ¢® a+b |1 ¢ a+b 1 ¢ a+b
1 a° b+c 1 a* b+c
=(a-b)0 -a-b 1 |=(a-b)(a-c¢)0 -a-b 1
0 c’°-a’ a-c 0 -c-a 1

=(a-Db)(a-c)(c-hb)

(b)
X—2y+52=2 X—2y+52=2
j—
X+ y+ z=13 y—2z=1
Xz=t P> Red 327 3 X=4-1> y=1+2t > z=t > 27 t £}
Wk
1 -2 5
(@) 4% (E) 7r&a- % 2% 3 1 1|20 p=l-
p 1 -

(i) F1 (E) i & = 42 & #cfz > * (b) ol 3> @4
X=4-1t>0> y=14+2t>0 > 2=t>0 & 4 O<t<d o i 2 » % =

2
4t

od O<t<4 @4

A2 7 pd-t)+@Q+2t)-t=3>F p=1-

p<y o A (i) W ATk R R e



Suggested Answer

1. (a) (i) Since |AB|=+/|AC[ +|BCF =+/5 and |BD|=+|BC[ +|CD] =+/5, ABAD

is an isosceles triangle with | AB |=|BD |. Let F be the mid-point of AD. Then,

BF L AD and |AF |= | A2D| \/25 . Hence, the distance from point B to line AD is

|BF = | AB P —| AF P =¥.

(i) Let h be the distance from point C to plane ABD. Then,

volume of A—BCD ——|AC|(—|BC||CD|}—1 and

volume of C—ABD=—h(—|AD||BF| " Hence h=2.
32 2 3

(b) (i) Since AC 1 BCD, we know that AC 1 BD . Together with AE 1 BD, we have
BD 1 ACE Hence, CE LBD.

(ii) From (i), we know that the dihedral angle A-BD-C and ZAEC are equal. From

%\/§|CE|:%|BD | CE |=area of ABCD =%|BC ICD=1,

|CE |= i . Hence, the dihedral angle A-BD-C = ZAEC =tan™"—- [AC] = tan’lﬁ

|CE | 2
2. (a) (i) The surface area of the rectangular block is 2[(2x)x + (2x)h+ xh]=4x? +6xh cm?.

Form the condition on the volume, we get 72 =(2x)(x)(h), i.e., h= 2 Hence,
X

S(x) =4x° +&
X
2
(i) d—S:8x—2126 and d Ez8+4332
dx X dx X

GH)%§=0<38x—§£:0¢>ﬁ—27=0¢>x=&
X X

When 1<x<3, 3—S<O.So S(x) is decreasing.
X

When 3<X<6,3—S>O.SO S(x) is increasing.
X

Hence S(3)=108 is a local minimum point.

d’s 432

™ =8+—>0, 1<x<6, = The curve has no inflection point and is convex.
X X
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(iv) The maximum value of S(x) is S(1) =220, and its minimum value is
S(3)=108.
(b) Solving ax(a—x)=0, we know that the curve y=ax(a—Xx) intersects the x-axis
at x=0 andx=a. Using the condition on the area, we get

4

8

8 =—<Sa=12.

a a
U a’x — axzdx‘ e
0 3

6

ax? ax® |
2 3|

.From (mx+c)>=2x we get

8
-
3

=mXx+C
2

3. (a) We solve {y

m’x* +(2mc—2)x+c* =0. *)

Since L is a tangent line of P, (*) has a double root and so its discriminant is 0.

Hence we get (2mc—2)° —4m*c*=0,i.e. c= % :
(b) (i) Let L, and L, be, respectively,

y—mx+i and y=m,x+
Y 2m 27 2m,

1 m1+m2J

Their intersection point A is ,
2mm, 2mm,

1 1
2mm, ' 2mm,

(if) Sincem, +m, =1, the point A is ( J Moreover, we have

1 1Y 1
ﬁumz=ml(1—nu)=rm—mf=z—[nh—§j <7

As m, =m,, we know that m, ;t% and hence mm, < % Thus,

>2 (when 0<mlm2<%) or <0 (when mm, <0).

2mm, 2mm,
Therefore, the locus of point Ais {(t,t):t>2 or t <0}.

13



. (a) (i) Let S(n) denote the proposition “z" =cosn@+isinnd”. When n=1, S(1) is

obviously true. Suppose S(k) is true for some positive integer k, i.e.
7" =cok@+isiké. Then,
Zk+1 — ZkZ

= (cosk@+isinkd)(cosd +isin Q)

= (cos k@ cos @ —sink@sin @) +i(coskésin G +sinkd cos 0)

= cos[(k +1)8] +isin[(k +1)8].
Thus, S(k+1) istrue. By the principle of mathematical induction, S(n) is true
for all positive integers n.

(ii) Since

2"z" = (cosn@+isinn)(cosnd—isinnéd) = cos*nd+sinnd =1,

we get in:z_“:(cosne—isin n@), from which we obtain z" +in: 2cosné.
z z

(b) Using the result in (a)(ii),

:%(Zco 40+8c026+6).

Hence we know that the identity is true.
(c) Using the result in (b),
cogfd+4co020+1=0
<co0d0+4c00+3=2

<8co0%0=2
J2

Scofg=1—
2

Y kzzi% ,  Where k isan integer.

14



5. (a)

(b)

2 2

1 a? b+cl 1 a b+c 1 a b+c
1 b®> a+c/=[0 b*-a® a-b=(a-b)j0 —-a-b 1

1 ¢ a+hbl Q1 c? a+b 1 c? a+b
1 a’ b+c 1 al b+c
=(a-h)0 —-a-b 1 |=(a-b)(a-c)0 —-a-b 1
0 c’-a? a-c 0 -c-a 1

=(a-b)(a-c)(c-b)

X—2y+52=2 X—2y+5z2=2
=
33X+ y+ z=13 y—-2z=1

Letting z=t, the solution of the system of equations can be expressed as
X=4-t,y=1+2t,z=t, where t is any real number.

1 -2 5

(c) (i) The system (E) has a unique solution ifand onlyif |3 1  1|#0,i.e. p=1.

p 1 -

(ii) For the first two equations of (E) to have a positive solution, using the general

solution obtained in (b), we have x=4-t>0, y=1+2t>0, z=t>0, from
which we deduce that 0 <t <4. Substituting the general solution to the third

equation, we get p(4—t)+(1+2t)—t=3 and hence p:l—%t.From O<t<4,

we get p< 5 From (i), we know that this positive solution is unique.

15



