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2015/2016 ADMISSION EXAMINATION PAPER

Section 1. Answer all 7 questions.

1. (a) In the expansion of (1+ x)*(1+x*)*, find the coefficient of x . (2 marks)

b) Let n > 2 be an integer. In the expansion of (1+ x)”", the coefficient of x*is
(b) g p I+x)",

6 times of the coefficient of x”. Find the value of n. (4 marks)
1 .
2. Let f(x)= be a function.
JIn(—x* +8x—6)
(a) Find the domain of f(x). (4 marks)
(b) Find the range of f(x). (4 marks)

3. (a) Use mathematical induction to show that for any positive integer 7,
1
13+23+--~+n3:Zn2(n+1)2. (4 marks)

(b) Using the result of (a), for any positive integer n, find a formula for the

following sum:

P2 +F =8 et (=) 4= (20), (4 marks)

2
4. Let A and B be real numbers such that 4+ B = ?7[ and cosA4+cosB = —2\/5 cosAcosB.

(a) Show that cos A8 _ 72 —J2cos(4-B). (3 marks)
(b) Find the value of cos— (4 marks)
5. Solve the inequalityw >4, (8 marks)

2" -3
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6. Let {a,} _, be an arithmetic progression with negative common difference. Suppose
a,=9 and a,,a,+1,4a, arein geometric progression.
(a) Find the general term a, of this arithmetic progression. (4 marks)

(b) For any positive integer n, find |a, |+|a, |+-+|a, |. (4 marks)

7. Abox contains 9 cards. Among them, 3 cards are red, 3 cards are blue and 3 cards are
white. The cards of each colour are labeled 1, 2, 3.
(a) Three cards are drawn randomly from the box. Find the probability that the sum
of the numbers on these three cards is less than 5. (3 marks)
(b) Two cards are drawn randomly from the box. Find the probability that the two
cardshave different colours and the sum of the numbers on these two cards is less

than 4. (4 marks)
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Section II Answer any three questions. Each question carries 16 marks.

8.

Figure I

In Figure I, P-ABCD is a pyramid. Base ABCD is a thombus with 2ZADC = g PDC

is an equilateral triangle with side length 2 and is perpendicular to ABCD. Let M be

the midpoint of PB.

(a) Find the angle between P4 and ABCD. (6 marks)

(b) (1) Let N be the midpoint of P4 and E be the midpoint of CD. Show that MNEC is
a rectangle and is perpendicular to PA. (6 marks)

(i1) Find the volume of the triangular pyramid P-DMC. (4 marks)

9. (a) The sum of the base radius and the height of a circular cylinder is 36 cm.
Suppose the base radius is x cm and the volume is 7 (x) cm?, where 7 (x)
is a function in x.
(1) Find 7 (x). (2 marks)
(i1) Find V'(x) and V'"(x). (2 marks)
(1i11) Sketch the curve y =V (x). In the graph, give the local maximum

points, local minimum points and inflection points of 7 (x) . (7 marks)

(b) Find the area of the region bounded by the curve y = x*+x and the line

y=3-x. (5 marks)
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10. Given the circle C: x2 + y? — 2x + 4y — 4 = 0. Suppose that the straight line
L:y =x+ b intersects with C at two distinct points A(xq,y;) and B(x3,y-).
(a) Find the center and radius of C. (2 marks)

(b) (1) Show that x; and x, satisfy the equation

2x%2+ (2b + 2)x + (b?> + 4b — 4) = 0. (1 marks)
(i1) Express x; + x5, x1X,, y; +y, and y;y, interms of b. (4 marks)
(c) Find the distance between 4 and B. Give your answer in terms of . (5 marks)

(d) Suppose that the circle having the segment 4B as a diameter passes through the

origin O. Find the value(s) of b. (4 marks)

11.Let i=+/—1.

(a) Suppose z is a complex number and satisfies 4z + 2Z = 3v3 +1i .

(1) Find z, and express z in polar form r(cosa +isine), —z<a <z. (5 marks)
(i) Letu = sin® +icos 8, — 7 <@ <. Find the range of |z — u|. (4 marks)
(b) Suppose w is a complex number and satisfies w” =1, w # 1. Let B be the

argument of w.

(i) Show that 1 +w + w? + w3 + w* + w® + wé = 0. (1 marks)
(i1) Show that for any positive integer n, w" + w™ = 2cos(nf3). (3 marks)
(iii) Find the value of cos 3 + cos(2f) + cos(3). (3 marks)
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a’ b’ c?
12. (a) Factorize the determinant |(1+a)’ (1+5b)* (1+c)*|. (6 marks)
2+a) (2+b) (2+c)

(b) Given a system of equation (£) with unknowns x, y and z:

X+ py+pz=1

(E) px+ y+pz=q.
px+py+ z=1

(1) Find the values of p such that (£) has a unique solution. (4 marks)
(i1) Find the general solution of (£) for those values of p and ¢ such that (£) has

more than one solution. (6 marks)

End of Paper
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2015/2016 B ZPEAES MODEL ANSWER

1. (a)40
(b) n =11

2. (A {x11<x<7}
(b){x:x>ﬁ}

3. (a)For LHS =1=RHS.

Suppose the result

is true for n =k. Then

Pt b+ (k+1)° :ik2(k+1)2+(k+1)3 :%(k+1)2(k+2)2.

Hence the result is

true for n =k +1. By the principle of mathematical induction,

the result is true for all positive integers.

(b) —n*(4n+3)

4. (a) cosA_B:Q—
2 2
V2
b) X2
®) =
5. l<x<log,3 or x>
(@ a,=13-4n

\/ECOS(A -B)

log, 7

(b) Write S, =|a, |+---+|a,|. Then § =9, S,=14, S,=15, and

S =2n"-11n+30
5
7. (@) —
@) 42

1
(b) 2

for n>4.

8. (a) Given APDC is equilateral and so PE 1 DC. With PDC 1 ABCD, we get
PE 1 ABCD. Hence, the angle between P4 and ABCD is £PAE.

From APDC, |PE

|=25in§=\/§.

From ADEA, |AE|? = |AD|? + |DE|? — 2|AD||DE| cosg = 3. Hence, |AE| =+/3.

Thus, £PAE = tan

84

-1 |PE| _ TL'
|AE| 4~
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(b) (i) In ADEA, |DE[ +|AE[=1"+ (\/5)2 =2°=AD} andso £DEA = g Thus,

T

CE 1 EA. Together with CE L EP, we have CE L APEA and hence 2CEN = —

2

In APAB, as M and N are midpoints of PB and PA, respectively, we get MN || AB.

In rhombus ABCD, AB || CD. Hence MN || CE.In APAB, we have

|[MN| = %lABl = 1. Together with |[EC| = 1, we have that MNEC is a rectangle.
From (a), |PE| = |EA]|, i.e., AEPA is isosceles. As N is the midpoint of PA,

we have EN 1 PA. From above, MN || CE and CE 1 APEA, we have

MN 1 PA.Thus, PA 1L MNEC.

(i) We have |MC| = |NE| = |AE|sin «NAE = \/§sin% = %g Hence the area of

ADCM is %IMCIIDCI = \/2_3. We also have |NP| = |NA| = |AE| cos «NAE =

\/§cos% = Vz—g Hence the volume is % X (area of ADCM) x [NP| = %

9. (@) (@) V(x)=x36x>-x"), 0<x<36.
(i) V'(x)=37(24x-x"), V"(x)=6x(12—-x)
(ii1) The curve y =V (x) attains a local maximum point at x =24, and an inflection
point at x =12. It is increasing on [0,24], decreasing on [24,36], convex on
[0,12] and concave on [12,36].
1 32
(b) j_3(3 —xX)— (x> +x)dx = 5
10. (a) (1) Center is (1,-2), radius is 3
(b) (i) Putting y = x+b inthe equation x*+ y° —2x+4y—4=0, the result

follows.
2 —
Gi) x +x=-b-1, xx, =W, Vot = (x4 b) 4 (x, + by =b—1,
b*+2b—4
Ny, =(x, +b)(x, +b) :T-
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(©)

4B = \(x, = %,)* + (7, = »,)
= JE+y) + (2 +)2) - 2x,x, - 200,
= \/(2)61 —4y, +4)+(2x, -4y, +4) - 2xx, =2y,

= \/2(x1 +x,) =4y, +3,)+8-2xx, -2y,

=+/18—12b-2b"

d) We have 04 1. OB and so RNl =-1,1e., xx,+),y,=0 Thus,
1742 172
X, X,

b2+4b—4+b2+2b—4

5 5 =0. Solving, wegetb=1or b=-4.

) 3 1 T LT
11. =—+i—=CcOoS—+isIn—
(a)(d) z > 12 6 i 5

(ii) We have |z —w|= \/(cos% —sin@)’ + (sinZ —cos )’ = /2 —2sin(6 + £)

and thus 0£|z—w|£2.

(b) () As w1,

wW-1=0=>w-1DW +w +-+D)=0=>w"+w +---+1=0.
(i) As w’ =1, we get |w|7:1 and hence |w|:1.

Let w=cosf +isinf. Then w" =cos(nf)+isin(nf) and
also w" =cos(nf)—isin(nf). The result follows.

(iii) Note thatas w’ =1, wehave w®=w"', w =w™ and w'=w". Thus,

W+ w +-+1=0
SW+wH+W +wH)+w +w?)=-1
= 2cosff+2cos(2p)+2cos(3p3)=—1
= cos S +cos(2f)+cos(33)=—1

12. (a) 4(a-b)a-c)(b-c)

L pp |
(b)(i)Weneed |[p 1 p[#0. Thus, p#1 and p;t—E.

p p 1
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(i1)) When p =1, we must have ¢ =1 and the system of equations becomes
x+ y+z=1.The general solutionis x=1-s—t¢, y=s, z=t wheres
and ¢ are any real numbers. When p=-1,wemusthave g=-2 (by

considering the sum of all the three equations). The system of equations

—Ix+ y-

and the general solutionis x=¢, y=t—2, z=¢ where ¢ is any real number.

becomes

1
=2

=

z
z

[T T
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2014/2015 B35 ABEHlqliA

B—Hrr: TEREMEE -
1. fi# log, 27—4logyx=1 -
-1

2 ﬂm—h+l

(a) 550 f(x) (EEFIR LRI eE -
(b) 3K f(x) HY{EI

(c) K arccos[|f (x )|j5/g1gi9jg .

3. 8 la,),. R IRHEES (HREEHERLEES B

2
a+--+a, :—(a”:;l) -1

MEEERGE - B EREEEH - H a,=2n+1 -

4.@s&k%mgﬁ’kcwm+§ﬂWM%—§ﬂawao

(b) Sj‘z«/gsian+cos2x=\/§ AR fE o
5. FEAREES |x2—4x+2|<1-

6. 5 {a,},_ R—FLEEY] HAE r>10 H g +a,+a,=21 K

a,a,a, =64

(a) KELZFEERGHVHEIE a

(6 77)

(2757)
(3 77)

(3 77)

(877)

(3 7)

(557)

(6 57)

(557)
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(b) SRIE/NE m 5 a +a,+--+a, >654321 (3 49)

7. —SRNALLER 6 {E s A EK 4 1 -
(a) TELSFEERE BRI > B2 4 @O ERE et o [958 8 JUhERMILF
12 4 (8 5 ERER I IR E 2 /D0 (4 77)
(b) fefRrhlEtE — Bkt - & orE AV ELLER - B B ERURERA
PR FHEERIER - B2 4 [HE RSO0 - 28 5 IAEREILFE 4 (&
HERE AR E %707 (457)

FEr RS FE AT -
8. (a)

=) 1

YE 1 fFF=MdE AEXG > AE LAEXG > P By AX —%% > F B PAE XE
AR -
(1) 68 PF L AEXG - 2 47)
(i) 3P GAX BLUPE GEX Bk Ak o - 55
Sacer = Sagapcosa * HH Speap K Sager 77 Hl

#F AGAP k. AGEF HYMHIFE - (7 53)
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(b)

& 1T C D

s
-
-
e
-

.
~.
S

Fe E

Wil 11> ABCD-EFGH Fy—IEXLJ5HG » P Ry BF HYTEE - F (a)(ii) HYSESR

S EAM 7% » SRV GAP BV GEF sy —Iaif -

9. (a) DAIFE f(x)=x"—6x"+9x+2 o

(i) K f') K f(x) e

(i) 3K f(x) HYEECHERES ~ fEElth NEEAIEIRE -
(i) 4Ly = f(x)

(iv) HihsR y=f(x-1) -

(7 73)

(2 97)
)
)

(4

(

S

&

(2 77)

S

(b) KIEH— ~ RIRAE x> B4 y=x Kih4y=6-x" FraEE

Z I

(6 57 )

10. DRI P:y* =a(x+1), a>0, BLES L:x+y=b ZZHAREIITHIE:

H(x,,y,) il K(x,,y,) °

(a)

20

() KEL x M1 x, BIRAVZZOTHE -

(i) 55H8H a+4b+4>0 -

(iii) 2&BH xx,=b"—a K y,y,=—-a—ab o

277)

(477)
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(b) FLES OH BUELS OK HAITEE » Hrl O A5 -

b2
: -gy;(E — ° 3/\
(i) 5 a 512 3 77)
(i) EELR L BFJFE O WEEEE Ry a > K b - (6 4%)
11.3% i=v-1} -r<6<m-
(@) () #ir= r(cosa+isina) F~r 1+ cosh +isinb » 4 47)
. e 1+cos@+isinf)* | .
Gi) et o il ALLLRPHTE G )
cos@ —isinf
(b) () AEEHERE  SHMITE - 5
cos70 = 64cos’ @ —112cos’ @+ 56cos’ @ —Tcosb ° 3 4%
(i) F (1) AY&5EE > 3BHH 64x° — 112x* +56x%2 —7 =0 AR5
V4 3z Sr
+ —, + — + o 3 AN
cos14 cos o cos ” 3 )
(iii) H (1) A&ER > K cos%cosi—jcos ?Z HIE ° (3 %)
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a’> (b+c)* bc
12. (a) RAGETHIZ B (c+a)® ca| (7 27)
¢ (a+b)* ab

Z+Y =a
(b) () KDL X, Y, Z BEENIEE Z +X=b Wf#E- (3 47)
Y+X=c
Xy +xz =a
(i) &% a,b,c FIEE - FHHL x,p,z HEENHENE <xv  +yz=0b
xz+yz=c

AEEHESE (a+b—¢)>0, (a+c—b)>0, (b+c—a)>0-

(6 77)
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2014/2015 ADMISSION EXAMINATION PAPER

Section I. Answer all 7 questions.

1. Solve log 27—-4logox=1. (6 marks)
2x
2. Let f(x)="1
e +1
(a) Show that f(x) is an increasing function on its domain. (2 marks)
(b) Find the range of f(x). (3 marks)
(c) Find the range of arccos (@J (3 marks)

3. Let {a,},_, be asequence of positive numbers such that for any positive integer #,

_(a,+ 1)* B

a,+--+a, 1 . Use mathematical induction to show that, for any

positive integer n, a, =2n+1. (8 marks)

4. (a) Let k be a positive integer. Find the value of

cos[(k + %)7[] tan[(3k — %)7[] . (3 marks)
(b) Find the general solution of V3sin2x +cos2x=+/2 . (5 marks)
5. Solve the inequality |x% — 4x + 2| < 1. (6 marks)

23
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6. Let {a,} _, bea geometric sequence with common ratio » > 1. Suppose

a,+a,+a,; =21 and 4a,a; = 64 .
(a) Find the general term a, of the sequence. (5 marks)

(b) Find the smallest m such that a, +a, +---+a, 2654321, (3 marks)

7. Abag contains 6 red balls and 4 white balls.
(a) Balls are drawn randomly one by one from the bag until all the 4 white balls are
drawn. What is the probability that all the four white balls are drawn at the 8 draw?
(4 marks)
(b) Balls are drawn randomly one by one from the bag, until all the 4 white balls are
drawn. If a red ball is drawn, it is returned to the bag before the next draw. What is
the probability that all the four white balls are drawn at the 5 draw?

(4 marks)
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Section II Answer any three question. Each question carries 16 marks.

8. (a)

Figure |

X

In Figure I, AEXG is a triangular pyramid with AE 1 AEXG. P is a point on AX,
F is the foot of perpendicular from P to XE.

(1) Show that PF 1| AEXG . (2 marks)

(1) Suppose the angle between the planes GAX and GEX is a.. Show that

SaceF = Sacap COS @ , where Spagap and Spqgrp denote the area of AGAP

and the area of AGEF, respectively. (7 marks)
(b)
Figure 11 C D
B —14
P Q:\ H
G T
Fe ~E

In Figure I, ABCD-EFGH 1is a cube. P is the mid-point of BF. Using the result in

(a)(ii),
or otherwise, find the angle between the planes GAP and GEF. (7 marks)

25




Past Examination Papers 2014/2015, 2015/2016

9. (a) Given function f(x)=x"—6x"+9x+2.

(1) Find f'(x) and f"(x). (2 marks)

(1) Find the local maximum, local minimum and inflection points of f(x)

(4 marks)
(111) Sketch the curve y = f(x). (2 marks)
(iv) Sketch the curve y = f (|x - 1|) . (2 marks)

(b) Find the area of the region in the first and second quadrants bounded by the

x-axis, the line y =x and the curve y=6—x7. (6 marks)

10. Given that the parabola P: y*> =a(x+1), a > 0, and the straight line L:x+y=>5

intersect at two distinct points H(x,, y,) and K(x,,»,).

(a) (1) Find a quadratic equation whose roots are x, and x,. (1 marks)
(i1) Show that a+4b+4>0. (2 marks)
(iii) Show that x,x, =b* —a and y,y, =—a—ab. (4 marks)

(b) Suppose the lines OH and OK are perpendicular, where O is the origin.

2

(1) Show that a = (3 marks)

b+2°
(i1) If the distance between the line L and the origin O is a, find b.

(6 marks)

11.Let i=+-1 and —T <6 <.
(a) (i) Express 14 cos8 + isin@ inpolar form r(cosa +isina) (4 marks)

(1+cos@ +isin@)°

(i1) Hence, simplify to polar form. (3 marks)

cos@ —isiné

(b) (1) Using De Movire’s theorem, or otherwise, show that

cos76 =64cos’ @—112cos’ @ +56cos’ @ —Tcos O . (3 marks)

26
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(i1) Using the result in (i), show that the roots of

64x% —112x* + 56x% —7 =0 are

+ cosi, + cos3—”, + coss—” . (3 marks)
14 14 14
) C V4 RV Y
(ii1) Using the result in (ii), find the value of cos—cos—cos—.
14 14 14
(3 marks)

a> (b+c)* bc
12. (a) Factorize the determinant |b* (c+a)’> cal. (7 marks)
c> (a+b)* ab

Z+Y =a
(b) (i)  Find the solution of the system of equations <Z + X =bin
Y+X=c
variables X,Y, Z. (3 marks)

(i) Suppose a, b, ¢ are positive numbers. Show that system of equations

Xy + xz =a
xy + yz=>b in variables x, y, z has a solution if and only if

xz+yz=c

(a+b—-¢c)>0, (a+c—b)>0, (b+c—a)>0. (6marks)

End of Paper
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2014/2015 B PEAES MODEL ANSWER

1. x=3 or x=37"
2(62u_62v

2. (a)Suppose u>v. Then f(u)—f(v)= @ 1@ + 1) >

b) {y:—-1<y<l}

() {Z:%<z£%}
(g, +1)

3. For n=1, wehave a, = —1. Solving, since a, is positive,
4

a,=3=2(1)+1.
Thus the result is true for n=1.
Suppose the result is true for n=1,...,k. Then

2
a,,, +1
al+“.+ak+ak+l :M_l
4

2
:>[3+---+(2k+1)]+ak+1=w—1

(ak+1+1)2
kel :T_l
za,fﬂ -2a,,, —(4k2 +8k+3)=0

Solving, as a,,, 1is positive, we get a,,, =2(k +1)+1. The result follows.

V3
2

:2@+k+a

4. (a) (D"

kr T ) .
b) —+(-1)" ———, where k is an integer
(b) 5 ( )8 B g
5. 2-+3<x<l or 3<x<2+4/3

6. (a) a,=4""
(b) 11
1
7. =
(a) P
1207
b) ——
®) 88200

8. (a)(i) In AAXE, AE//PF because APFX:AAEng.With

AE 1 AEXG , the result follows.
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(i) Let M be the point on GX such that ZAME = . Then AM L GX ,
EM 1 GX andS,.., = %|EM||GX| = %(|AM|COSO{)|GX| =S,y COST.

Similarly, let N be the point on GX such that /PNF =« . Then
PN 1 GX, FN LGX and

Srox = %|FN||GX| = %(|PN|cos a)|GX| =S, pcy cOsa . Hence,

Sacer = Sacx ~ Sarcy = Sacx COSA = Sppgx COSA = S,54p COSA .

(b) Suppose the length of one side of the cube is a. Then, we can get S, = %az

. . 2
and S, = \/gaz. Hence, the required angle iscos™ \/; :

9. (@@ f'(x)=3x>-12x+9, f"(x)=6x-12
(i1) & (iii)) The curve y = f(x) attains a local maximum pointat x=1,a
local minimum point at x =3, and an inflection pointat x =2.
(iv) Replace the curve y = f(x), x <1, by the mirror image of y = f(x),

x>1 aboutthe line x=1.

0 2 22
(b) J:Jg6—x2 dx+'[06—x2—xa’x=4\/g+?

10. (a) (i) x* —(a+2b)x+(b>—a)=0
(i1) The equation in (i) has real and distinct roots. Its discriminant is positive, i.e.,
[—(a +2b)]" —4(1)(b* —a) > 0. The result follows.
2 —
(i) Product of roots: x,x, = bma_py_, ;
1
Wy, =(b—=x)(b-x,)
=b> —b(x, +x,) + x,x,
=b> —b(a+2b)+ (b’ —a)
=—a—ab

(b) (i) Suppose x,x, #0.As OH L OK , wehave 2122 = _1_ The result
XX,

follows from
(a) (ii). If x,x, =0, thenby (a) (ii), a=>b". Also, OH and OK are the
two axes and so H or K is the point (-1,0). Hence »=-1 and

the result follows.
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M:ﬂ. Hence we have |b|=x/§a.
NITEETING)

Using (i), we get b=2+2+/2 if b>0;and b=2-242 if b<0.

(b) (i1) Distance from O to L is

11. (a) (i) Inthe question, @ should satisfy -7z <8< .
Let 1+cos@+isind=r(cosa+isina) where r>0. Then,

r:\/(1+cost9)2+sin29: 2(1+cos<9):2cos§ (as —§<§<%)and

sind  2sin%cos?

tana = = 7
1+cos@ 2cos”

=tan— . Hence, a = (4 and thus
2 2
1+cos@ +isinf = 2cos§(cosg + isingj )
(b)

9( 0 .. ej '

.. g |2cos—|cos_—+isin_

(1+cos@+isin@)” 2 2 2
cos@ —isinf cos(—0) +isin(—0)

2% cos® g(cos46’ +isin46)

cos(—0) +isin(—6)

=2%cos® g(COSSH +isin50)

(b) (i) By comparing the real parts of both sides of (cos@+isinéd)’ =cos76 +isin78,
the result follows.
(ii) Putting x =cosé, we have
64x° —112x* +56x* -7=0
& 64c0s°@—112cos* @ +56c0s°0—T7=0
<cos760=0 and cos@ =0
For cos760=0, 0= k77z + %, where k is an integer. Excluding those &

such that cos@ =0, the result follows.

(iii) Product of roots is =7 andhence —cos’ *cos?Fcos?F ==
14 14 64
The result follows.
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12. (@) —(a*+b>+c*)a+b+c)a-b)(b-c)c—a)

(b) (1)

(ii)

X:b+c—a’ Y:a+c—b, Z:a+b—c
2 2 2
From (i), we have yz:b-i_%, xz:a+§_b, xy:a-'_zﬁ.

Suppose a+b—-c>0, a+c—b>0 and b+c—a>0. Then,

= (xy)(xz) (a+b-c)a+c—Db) *)
() 2b+c-a)

Hence x= (at+b-c)a+c=b) , (and similarly)
2(b+c—a)

_ |[ta+b-c)b+c—a)
YTV 2a+c-b)

form a solution.

and Z=\/(a+c—b)(b+c—a)
2(a+b-c)

Conversely, if there is a solution then x, ), z are nonzero. From (*), either 0 or 2

of the factors on the right-hand side are negative. If there are 2 negative factors, say,

a =

a+b—c<0 and a+c—-b<0, then

a+b-c a+c—-b . .
Xy +xz = + <0 and this gives a contradiction. Hence all the

3 factors are positive.
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