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Instructions:
1. Each candidate is provided with the following documents:
1.1 Question paper including cover page — 22 pages

1.2 One sheet of draft paper

2. Fill in your JAE No., campus, building, room and seat no. on the front page of the examination
paper.
3. There are 5 questions in this paper, each carries 20 marks. Answer any 3 questions. Full mark

of this paper is 60.
4. Put your answers in the lined pages provided. Answers put elsewhere will not be marked.
5. Show all your steps in getting to the answer. Full credits will be given only if the answer and
all the steps are correct and clearly shown.
The diagrams in this examination paper are not drawn to scale.
Calculators of any kind are not allowed in the examination.

Answer the questions with a blue or black ball pen.

© © N o

Candidates must return the question paper and draft paper at the end of the examination.



ERZALEE B LA R FRRATRT WP LEPITHTTL
Answer any 3 questions, each carries 20 marks. Write down the answers on the 3 lined pages
following each question.

1.
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F
4ot BT o ABCE - %= 42 HFE 5 2> ABCDEF &~ 2 = #
o HHPEEREZ 3 ME DFEa? g KE AE Fe- B 2 (7 MK LAE
L% DE Fe— 8> 31 ML LDE -

@) () %P AM LEM > j&a $= & 45 AME a ¢ o (5 4)
(i) #= 4 4 A-DEM et > jé@ £8.D I T 5 AEM chibdg - (5 4)

(b) k=% 4§ D-AE-M>» $%rusin"t 47 o [#7: %P LKLAE« ] (10 4)

In the above figure, ABC is an equilateral triangle with edge length 2, ABCDEF
is a right triangular prism with edge length 3. M is the mid-point of DF, K is the
point on AE such that MK L AE, and L is the point on DE such that ML L DE

(@) (i) Show that AM L EM . Hence find the area of the triangle AME. (5 marks)

(i) Find the volume of the triangular pyramid A-DEM. Hence find the

distance from point D to the plane AEM. (5 marks)

(b) Find the dihedral angle D — AE — M. Express your answer in terms of sin™1,

[Hint. Show that LK L AE.] (10 marks)



2.

(@) % f(x) =x*—4x3 +16
)+ f'x) 2 f(x) -
(i) & f(x) k4B Efr b 304E] (&
(iii) Fb Ry = f(x) 458 o
(V) FhdR y=f(x)>—2<x<4-
WMEIhdRy=f(2x) -1<x<2-

(b) #d & sy =x*—4x3+16 2 B Ry =16 *& Fk & ha ff o

(a) Let f(x) = x* — 4x3 + 16.
(i) Find f'(x) and f"'(x).
(ii) Find the local maximum and local minimum values of f(x).
(iii) Find the inflection point(s) of the curve y = f(x).
(iv) Sketch the curve y = f(x), —2 < x < 4.
(v) Sketch the curve y = f(2x), -1 < x < 2.

b) Find the area of the region bounded by the curve y = x* — 4x3 + 16 and the
( g y y

straight line y = 16.

(2 4)
(4 2)
(2 4)
(34)
(1 4)
(8 4)

(2 marks)
(4 marks)
(2 marks)
(3 marks)

(1 marks)

(8 marks)



3. ¢ wEM Li3x+y—4=0 &2 C:x*+y* +6x+4y+k=0 4p2
7 Fe i BE A(xq,y1) fv B(x3,¥2) °

(@) - 1502 x; foox, AR KB AR o @~)
(b) &P :
: 32+k
(i) x, +x, =3 % xle:T; 2~#)
. 288+9k .
(i) y1y, = 0 —20; @ ~#)
(i) x? +y? =6x;— 16—k, i =1,2 - (3 4)
(€)% 0 2 hgh3 LAOB 2 - % % -
(i) &k enig o )
(i) &= &35 AOB s #f o (5 4)

Given that the straight line L:3x + y — 4 = 0 and thecircle C:x2 +y2+6x+4y+k =0
intersect at two distinct points A(x,,y;) and B(x,,y2).
(a) Find a quadratic equation with roots x; and x,. (3 marks)

(b) Show that:
32+k |

(i) y1y2 = zgigk -20; (3 marks)
(i) x? +y? =6x; — 16 — k, i =1,2. (3 marks)

(c) Let O be the origin and 2AOB be a right angle.
(i) Find the value of k. (4 marks)

(i) Find the area of the triangle AOB. (5 marks)



4.

UAf#cz=cosa+isina » H? i=+-1-
@ * wEFp2 - BPHELL FEk:
z¥ = coska + isinka - (6 4)
(b) 3% n 5 I Ko
M#Pzz=1%2 (1-2)(1-2)=2-2cosa ° (3 )
(iz#MFEz+1>

z(1-2z") .

z+z8++2" =25
—z

JaE I E cosa+1>

cosna+cosa—cos(n+1)a—1

cosa +cos2a + -+ cosna = o (54)

2—2cosa
(c) @ &l & 3¢

A+B A—B . A+B . A—B

cosA + cosB = 2 cos cos %2 cosA—cosB = —2sin sin o
2 2 2 2
HEPEcosa+ 1>

Sinn'z_a CcoS w N

cosa +cos2a + -+ cosna = e ° 6 #)
2

Let complex number z = cos a + i sin a, where i = v/—1.
(a) Using mathematical induction, show that for any positive integer K,
z® = coska + isinka. (6 marks)
(b) Let n be a positive integer.
(i) Showthatzz=1and (1—-2)(1—-2) =2 —2cosa. (3 marks)
(i) Show that if z # 1,

z(1-2z")

z+ 7%+ -+ 2" = 1
-z

Deduce that if cosa # 1,

cosna+cosa—cos(n+1)a—1

cosa +cos2a + -+ cosna = (5 marks)
2—2cosa
(iii) Given identities
cosA+cosB =2 cosAerB cosA;B and cosA —cosB = -2 sinA;B sinA;B.
Show that if cosa # 1,
sin"z—a cos w
cosa +cos2a + -+ cosna = P . (6 marks)
2



1 14a 1+4ad
1 1+b 1+5b3
1 14+c¢ 1+¢3

5. (a) FI3 & f2 750 o (8 #)

xX+2y—z=2
D)k pfrqg 5 F#ce & w2 XY,2 5 AFwE ﬁr’_,f@_(E):{x+y+ZZ=4 o
px+7y—z=q

(i) & p B~ g fo 8 17 (E) § v 3 - 4 ~)
(i) £ (E)F 5+ - Bfr - fqenit » ¥ & (E) ol f2 o (8 A)

1 1+a 1+ad3
(a) Factorize the determinant |1 1+ b 1+ b3|. (8 marks)
1 1+c 1+¢3
(b) Let p and g be constants. Given, in unknowns X, Y, z, the system of equations
xX+2y—z=2
(E):{x+y+2z=4.
px+7y—z=q
(i) Find the range of p such that (E) has a unique solution. (4 marks)
(ii) Suppose (E) has more than one solution. Find the value of g, and find the
general solution of (E). (8 marks)
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1. (a) (i) %_EM L DF % DFE 1 ADFC > {84 EM L ADFC » %< EM L AM -

|AM| = \/|AD|2 + |DM|2 =+/10 » |EM]| =\/|DE|2 — IDM|2 =+3 -
AAME 5 £ 5 5 |AM||EM| = %—0 .

H s 1 o V3

(i) A — DEM ¢4 % £~ |AD|(ADEM 5 ff) = — -

% d 38D IG5 AEM iEdt o 0 D — AEM agqh 1 250

o
6

dv30 V3
r; —_— ) ’g =
6 2 d V1o

(b) #_DEF L DEBA * ML L DE » ¥ ML L DEBA > # LK % MK %% DEBA

Fenst R o F] MK LAE > & LK L AE - ] > = w & D —AE — M = £LKM -

% & ADEM d #t > 3 §|DE||LM| = §|DM||ME| s A D |LM| =§ o

= o)

4 B AAME <0 483 @)() 0%+ 3 SAE|MK| =2 jin @ 0

V30

IMK| = 7=

% & D—AE—M = ZLKM = sin~1 1Ml _ Y130

—_— 0

IMK| ~ 20

2. @@) f'(x) =4x3—12x%> f"(x) = 12x% — 24x -
(i) ffx)=0ex=08x=3-

Bx<O0p > f'(x) <0 ¢z fx) k-
B O0<x <3P fl(x) <0 & fx) Lakiene
F3<xp o ) >0 & f(x) Lo
Fet o f(3) =—11 &~ h & & o
f'fx)=0eox=08x=2-
BAx<0m ') >0 wd B y=f(x) Ao
FO<x<2PF f'"(x)<0 & & 4 y=f(x) Fweo
F2<xPofr'(x)>0 E&d R y=f(x) Lo
Flpt oo W Ry = f(x) S BE(0,16) fr (2,0) -



(iii)

(iv)

y=f(2x)

— 44 3
O {5 T T a0 x s

¥ 0<x<4  dMy=xt—4x3+16 L a3 My=162 T » o fa 4t 5
[, 16 — (x* — 4x3 + 16)dx

= f: 4x3 — x*dx

= [x4 x5]4
51o
=51=
5
. 3x+y—4=0
r; ’ /g 2 —_ = o
(@) () - {xz+y2+6x+4y+k=0 @ 10x2 —30x+32+k=0
: —(-30) 32+k
() (1) x, +x, = o - 3 X%, = o
(i) 132 = (4= 32)(4 — 3x,) = 16 = 12(x; + x5) + 9xy06, = 22— 20

(i) #i=1,2
x> +yt=—6x;—4y;—k=—-6x;,—4(4—3x)—k=6x;,— 16—k -



() () % OA fr OB # ¢ — i kT4 AIF - fLLd M o hphinT -
X1%, = 0 ey y, =00 f5 (b) (i) 2 (i) ¥ @3 F -
ROAJeOB R F A B L my 2 my e Al

28849k 32+k
mim, = —-1= _zlzz =—-1= - 20 = — 10
142

(i) ¥ k= —12 > x,x, = 2 - AOAB i ## £_

=>k=-12-

1 1 1
~10AIOB| = 2 \x} + y{ /x5 +y5 =.[6x; — 4,[6x, — 4

:\/9x1x2—6(x1+x1)+4=\/9(2)—6(3)+4:2°

(@)% P(k) "4 &3 “zF=coska+isinka”- % k=1>P() P I o
B E gk - P(k) 2 > ™ zF =coska +isinka - B

k+1 k

V4 =Z"Z

= (coska + isinka)(cosa + isina)
= (cos ka cos @ — sin ka sin a)+i(sin ka cos a + cos ka sin )
=cos(k+ 1a+isin(k + Da -
ZPk+1)+ %2 o
RBEFFNERDL - P() $HER L Flck R 2 o
(b)(i) zZ = (cosa + isina)(cosa —isina) = cos?a +sin*a =1 -
1-2§(1-2)=1—-(z+2)+zz=1—2cosa+1=2—-2cosa -
(i) Flz+1 > B

Q1-2)z+z*++z")=z—-2""=2(1-2")

=

vow R

% o

&

Flcosa#+1: Fz+1> &

cosa + cos2a + -+ + cosna = Re(z + z% + -+ + z™)

z(1-z™) z(1-zM(1-2) Re(z"+z—z"*t1-1 cosna+cos a —cos(n+1)a—1
= Re = Re a-2) _ Re( ) - (

1-z (1-2)(1-2) 2-2cosa 2-2cosa




(iii)

cosna+cosa —cos(n+1l)a—1

cosa + cos2a + -+ cosna =
2—2cosa

2 cos2 (n+)a

n+1)a n—-1)a
2cos( 2) coa( 2)

. a
4sin2=
2

_ 2cos(n+21)a[coa(n_1)a coa(nzl)a]

. a
4sin?2=
2

m+vay_, . na . (-a)
2cos—2 [ Zsm2 sm—2 ]

. a
4 sin2=
2

. na (n+1)a
SIn—CoOsS
— 2 2 °

. a
Sin—
2

5. (a)

1 1+a 1+4d° 1 14a 1+a°
1 1+b 14+b3|=|0 b—a b3-ad
1 14+c 1+¢3 0 c—a c®-ad
1 14+a 1+ad
=10 b—a (b—a)(b?+ ba+ a?)
0 c—a (c—a)(c?®+ca+a?
1 1+4a 1+ad
=Mb-a)c-a)|l0 1 b%+ba+ad?
0 1 c? +ca + a?
= (b —-a)(c—a)(c?+ ca—b?—ba)
=(b—-a)(c—a)[(c+b)(c—b)+a(c—Db)]
—@-b)(b-c)c—a)a+b+c) -
1 2 -1
(0) () () 4 vi- fzeniet 2|1 1 2|#0> % 5p—20%0-
f
p 7 -1

perp-Ed FA {p:ip#4}-

x+2y—z = 2

(ii)éf{p=4’4’f;»;(E)%§{ -y+3z = 2
-y+3z = q—8

0

b % 2 Bz e g =1

iz {x+2y—z=2
—y+3z=2

#c o

@ x=6-5ty=3t—2>z=t> H¥ t L TLF

11



Suggested Answer

1. (a) (i) From EM L DF and DFE L ADFC, we have EM L ADFC and hence EM 1 AM.
|AM| = \/|AD|? + [DM|?> = V10, |EM| = \/|DE|*> — [DM|? = 3.

The area of AAME is % |AM||EM| = @
.. .1 V3
(if) The volume of A — DEM is 3 |AD|(area of ADEM) = >

Let d be the distance from point D to plane AEM. Then, the volume of D — AEM

. dV30 dv3o _ V3 _ 3
IS ——. From — = Wwe getd = NeT
(b) From DEF L DEBA and ML 1 DE, we get ML L DEBA and hence LK is the
orthogonal projection of MK in the plane DEBA. Since MK 1 AE, LK 1 AE.

Hence the dihedral angle D — AE — M = £LKM.
Considering the area of ADEM, we have % |[DE||LM| = %lDMl |[ME| and hence

LM =2,
2
. . . . 1 V30
Considering the area of AAME and the result in (a)(i), we have > |AE||MK| = 5
_ V30
and hence |MK| = =

_1ILM| _ V130
IMK| ~— 20 °

The dihedral angle D — AE — M = £LKM = sin
2. @) @) f'(x) =4x3—12x2, f"(x) = 12x% — 24x.
(i) f'(x) =0 x=00rx =3.
When x < 0, f'(x) < 0 and hence f(x) is decreasing.
When 0 < x < 3, f'(x) < 0 and hence f(x) is decreasing.
When 3 < x, f'(x) > 0 and hence f(x) is increasing.
Hence f(3) = —11 is a local minimum value.
f'x)=0ex=00rx =2.
When x < 0, f""(x) > 0 and hence the curve y = f(x) is convex.
When 0 < x < 2, f""(x) < 0 and hence the curve y = f(x) is concave.
When 2 < x, f"'(x) > 0 and hence the curve y = f(x) is convex.

Hence, the inflection points of the curve y = f(x) are (0,16) and (2,0).

12



(iii)

(iv)

y=f(2x)

I/
9 > X
-2 1 10 1\/2 3

=x*—4x3 +16

— 16 ,wegetx =0o0rx =4.

b) Solvin {y
(b) 9
When 0 < x < 4, the curve y = x* — 4x3 + 16 is below the line y = 16.
Hence, the required area is
[, 16 — (x* — 4x3 + 16)dx

= f04 4x3 — x*dx

4

[,
=51
3x+y—4=0

3. (a) (i) From { ,weget 10x?2 —30x +32+k =0.

x2+y?+6x+4y+k=0

. _ —(=30) _ 324k
(b) (i) x; + x, = o 3, X1X; = 0 "

288+9k
10

—20.

(i) y1y, = (4 —3x1)(4 —3x,) =16 — 12(x; + x3) + 9xyx, =
(i) Fori =1, 2,
x?+y?=—6x;—4y;—k=—6x; —4(4—3x;)) —k = 6x; — 16 — k.



(c) (i) If one of OA and OB is horizontal, then the other one is vertical. In this case,
x1x, = 0 and y,y, = 0. Form (b) (i) and (ii), we get a contradiction.

Suppose the slopes of OA and OB are m, and m,, respectively. We have

288+9k 32+k
Y1Y2 — _1 = _ 20 — _

X1X2 10 10

m1m2 = —1 = = k = _12
(i) When k = =12, x;x, = 2. The area of AOAB is

1 1 1
~10AIOBl = 2yx} + y{\/x5 +y5 =35./6x; — 4,[6x, — 4

= /9x1x; — 6(x; +x;) +4=,/9(2) —6(3) +4 = 2.

(a) Let P(k) be the proposition “ z¥ = cos ka + i sinka ”. When k = 1, P(l) is

obviously true. Suppose P(k) is true for some positive integer K . That is,
z¥ = coska + isin ka. Then,
Lk — Sk,
= (coska + isinka)(cosa + isina)
= (cos ka cos @ — sin ka sin a)+i(sin ka cos a + cos ka sin )
=cos(k + 1)a + isin(k + 1)a.
Hence P(k + 1) is also true.

By the principle of mathematical induction, P (k) is true for any positive integer k.

(b)(i) zZ = (cosa + isina)(cosa — isina) = cos?a +sin®a = 1.
1-2§(1-2)=1—-(z+2)+zz=1—2cosa+1=2—-2cosa.
(if) As z # 1, the result follows from
A1-2)z+z*++z")=z—-2""1=2z(1-2").
As cos a # 1, which means z # 1, we have

cosa + cos 2a + -+ + cosna = Re(z + z? + -+ + z")

— Re z(1-z") Re z(1-z™)(1-2) _ Re(z"+z-z"*1-1)  cosna+cosa —cos(n+1)a—1
- 1-z (1-2)(1-2) - 2-2cosa - 2-2cosa :

14



(iii)

cosa + cos2a + -+ cosna =

(a)

1 1+4a 1+4+ad
1 1+b 14053
1 14+c¢c 1+¢3

(b) The condition that (E) has a unique solution is

cosna+cosa —cos(n+1l)a—1

2-2cosa

2 cos2 (n+)a

n+1)a n—-1)a
2cos( 2) coa( 2)

. a
4sin2=
2

(n+)af (n-1a (n+)a
2 cos 2 [COJ 2 cos— ]

. a
4sin?2=
2

m+vay_, . na . (-a)
2cos—2 [ Zsm2 sm—2 ]

. a
4 sin2=
2

. na (n+1)a
smT COs 2

. a
Sin—
2

1 1+4a 1+4d°

=10 b—a b3-a

0 c—a c®-a

1 1+a 1+ad

=10 b—a (b—a)(b?+ ba+ a?)
0 c—a (c—a)(c?®+ca+a?

1 1+a 1+a3
0 1 b? + ba + a?
0 1 c? + ca + a?

= (b —-a)(c—a)(c?+ ca—b?—ba)
=(b—-a)(c—a)[(c+b)(c—b)+a(c—Db)]
=(a—-b)(b—c)(c—a)(a+b+0C).

=b-a(c—a)

Therange of p is {p:p # 4}.

(ii) Let p = 4. From (E) we obtain { -y + 3z

1 2 -1
1 1 2|=+0,ie 5p—20=+0.
p 7 -1
x+2y—z = 2
2 .
-y+3z = q—8

From the second and third equations above, we get g = 10.

xX+2y—z=2

Solving{ Y +3z=2

real number.

wegetx = 6 —5t,y =3t — 2,z =t,where tisany

15



