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Instructions:

1. Each candidate is provided with the following documents:
1.1 Question paper including cover page — 22 pages
1.2 One sheet of draft paper

2. Fill in your JAE No., campus, building, room and seat no. on the front page of the examination
paper.

3. There are 5 questions in this paper, each carries 20 marks. Answer any 3 questions. Full mark
of this paper is 60.

4. Put your answers in the lined pages provided. Answers put elsewhere will not be marked.

5. Show all your steps in getting to the answer. Full credits will be given only if the answer and
all the steps are correct and clearly shown.

6. The diagrams in this examination paper are not drawn to scale.

7. Calculators of any kind are not allowed in the examination.

8. Answer the questions with a blue or black ball pen.

0. Candidates must return the question paper and draft paper at the end of the examination.
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Answer any 3 questions, each carries 20 marks. Write down the answers on the 3 lined pages

following each question.

1.

A M D

4ot B#77 0 PAB B 5 1 h¥ 3= £3) ABCD H- £33

|IBC| =2 » & PAB 22T 5 ABC #£3% > M 4o N A~ %% AD 4v AB

(a) () %M PN L3 L5 ABC> jim %= 448 P-BCM i ft o (5 A)
(i) £= &3, PBM a4t > /& £8 C 26 PBM iEd - 6 A)
(b) () %P ANMC |- 3 & o[#h7: $ = &3, NMC g & o ] (4 )
(i) -5 & N-MC—-P o [#7: %P PM 1L MC -] (5 A)

In the above figure, PAB is an equilateral triangle with edge length 1, ABCD is a
rectangle, |BC | = V2, plane PAB and plane ABC are perpendicular, M and N

are the midpoints of AD and AB, respectively.
(a) (1) Show that PN is perpendicular to the plane ABC. Hence find the

volume of the triangular pyramid P-BCM. (5 marks)
(i1) Find the area of the triangle PBM. Hence find the distance from point
C to the plane PBM. (6 marks)
(b) (i) Show that ZLNMC is aright angle. [Hint. Consider the lengths of the
sides of triangle NMC .] (4 marks)

(i1) Find the dihedral angle N — MC — P . [Hint. Show that PM 1 MC.] (5 marks)



2. (a) v ay=f(x) BB (03) 2 f(x)=x"-2x-3 -

H * fx) 2 f(x) - (3 ~)
(i) & f(x) PhIES B~ HIE| Bfois B o (5 %~)
(i) g e Ry=f(x)» 2<x<4 - 3 ~)
(iv) s MW s y=|f(-x) > 4<x<2 - (1 4)
(b) &d & R y=—x’+4x+3 %2 y=3|x—1| # ¢ %5 ff o 8 %)

(a) Suppose the curve y = f(x) passes through the point (0,3) and f'(x)=x"—2x—3.

(1) Find f(x) and f"(x). (3 marks)

(i1) Find the local maximum points, local minimum points and inflection points

of f(x). (5 marks)
(iii) Sketch the curve y = f(x),—2<x<4. (3 marks)
(iv) Sketch the curve y =|/f(-x)|,4<x<2. (1 marks)

(b) Find the area of the region bounded by the curves y=-x>+4x+3 and

y=3|x-1]. (8 marks)



3.

S hrpe AP Y =x R BEAGL) (t#0) B hed st o

(@)(i) HEM EM y=mx+cHE_ PiH- iErRE 2 &F dme=1 - (5 »)
(i) 8 P 4Bk A e s gl & % 21 : G A)

t
(b) (i) %97 P tBEA i M 42 o (2 2)
(i) P P 3 @ g2k T ez L E BhO0) %2 &% h>1/2 - 4 »)

(iii) 3 P F @ i 25k T2 508 B(h0) > & v P ehk a{% s & h i o (64)

Given parabola P:y° =x and that point A(¢%,/) (¢#0) is on the parabola.
(a) (i) Show that the line y=mnwx+c is a tangent line of P if and only if 4mc=1. (5 marks)
(i) Deduce that the slope of the tangent line of P at point 4 is 2L . (3 marks)
t

(b) (i) Give an equation of normal line of P at point A. (2 marks)

(i1) Show that there are two non-horizontal normal lines of P passing through

B(h,0) ifand onlyif A>1/2. (4 marks)

(ii1) Suppose there are two non-horizontal normal lines of P passing through

B(h,0) and the angle between them is %, find the value of 4. (6 marks)



4. % i=+-1 -
. I+
(a) ®AF# carwy
(i) #1&3:% r(cosa+isina) %7+ z >  H¥ —z<a<rg °
(i) & 27 -
(b)) * %232 FZP
cos7a = 64cos’ a—112cos’ a +56co0s’ a —Tcosa ©

(i) * (1) eh %% K x=4cos’a » A3 42 X’ -Tx"+14x-7=0

Let i=\/—_1.

14
(a) Let complex number z = !

1+\/§i'

(1) Express z in polar form r(cosa +isina), —r<a <r.

(i) Find z*".
(b) (1) Using De Moivre’s theorem, show that
cos7a =64cos’ a—112cos’ a +56cos’ a —7cosa .
(ii) Using the result in (i) and the substitution x =4cos’ &, solve the equation

X =7x*+14x-7=0.

(4 %)

(4 %)

(6 ~)

(6 ~)

(4 marks)

(4 marks)

(6 marks)

(6 marks)



5. () FAXAEEFAN |1 P ac| o 8 ~)
1 ¢ ab
xX—2y+pz=q
(b) Xp frq 5 Fdce sl x,y,z s ATEDIHFEE (E): { —x+ y+2z=1 o
-x+ py—2z=0
(i) & p PEfRiEE (E) 77— 3o 4 %)
(il) ¥ p=0%2 g=4 > £ (E) enf# - 4 %)
(i) ¥ p=-3 > R g hE @ (E) 2 > &R (E) hjz o 4 ~)
1 & be
(a) Factorize the determinant |1 »* ac |. (8 marks)
1 ¢ ab

(b) Let p and g be constants. Given, in unknowns x,y,z the system of equations

xX—-2y+pz=q
(E): § —x+ y+2z=1.
—x+ py—2z=0
(1) Find the range of p such that (E) has a unique solution. (4 marks)
(i) Solve () when p=0 and ¢g=4. (4 marks)

(ii1) For p =-3, find the value of ¢ such that (E) has a solution, and solve (£). (4 marks)
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I. (a)(Q) ¥] APABR. %8> NE AB v 8> PNLAB - ¢ &% 5 PAB

3

#2355 ABC% 3 > % PN 2 % 5 ABC « 7 |PN|=|4Plsin® == =

ABCM % #% _—|AB||BC| £ 't P=BCM st fp - -

(ii) #lBM|=|PM|= \ﬁ » 85w APMB 8_% "¢t o @ so|PB|=1> 3+ ¥ {7 1)

5

4

APMB g 4 .~—— <% h 5% C 2 %5 PBM njedt B

C—PBM % # 2. oL ()hE% o @h= \E o

(b) () 3+ % # &

=3 e =2 e =2 - | +|uct =|vef

% /NMC -3 &
(i) FIPN£% T 5 ABC » PM %% & ABC it 5 NM

Z /PMC = /NMC =% o

PN| 4

s R 4 - _p = = *1| = 2 _ 2
W N-MC-P ZPMN = tan |MN| tan J%

3

2. (a) (i) f(x):jx2—2x—3dx:%—x2—3x+C » £(0)=3=>C=3° f"(x)=2x-2 °

(i) f'(X)=0x"-2x-3=0=(x-3)(x+1)=0<x=3 or x=—1 ¢
¥ ox<—l B f1(0)>0 0 F& f(x) ik
¥ Ool<x<3 oo f'(0)<0 0 & f(x) Ak
’tﬁj;’ 3<x Eﬁ 5 f'(x)>0 ) ‘__,,;[ f(x) 7\1_\ Ui%mo
F o f(= 1)—— B- B 82 f(3)=—6 F- ke | Bk
f”(x)—0<:>2x—2—0<:>x:1 °

Fox<l o f"(x)<0 0 & f(x) Ewiho
v x>l p%’f"(x)>o v f(x) Ay

QI f(l)——— -



(iii)

\ 4

4 2 2 4 X6
-4
-6
-8
(iv)
8 A
Y
y=If-x)]
» %
-6 -4 -2 0 2 4
=—x"+4x+3
b) & x>l 2 {y TR ex=3
y=3x-3
, y=—x"+4x+3
¥ x<l- fz > #x=0
y=3-3x

F0<x<3 > o éﬂy=3‘x—ﬂ L hd R y=—xX+4x4+32 T > &k # 5

jol(—x2 +4x+3)—(3-3x) dv +f(—x2 +4x+3)—(3x—3) dx

:_[Ol—xz +7x dx+f—x2 +x+6 dx

x 7, 1 ¥ ox ’
=|——+4+—=x" | +|——+—+6x
3.2 3 2 |



2

. (a) (i) o {y , 18

y=mx+c

m’x”> +(2mc-x+c> =0 ° (*)
Fl y=mx+c E_P R (F) 52 £ ARV R 0o F]ptF

(2mc—1 —4m’c®* =0 > T 4me=1 -

o F|rr M B AL, 0 & iE

(i) #C () 9 s de s y=mrt
m

o

t=mt2+L:>4m2t2—4mt+1=0:>(2mt—1)2:O:>2mt:1:>m=

4m 2t

(b) (i) y=—2t(x—1t)+t

(ii) i % & B(h0) 2 g 0=20(h—1)+t - Flt#0 >+ 2h-1=26 -

F1 267 >0 > S8 Ak R B B(h,0) % @ &% h>% o

1 / 1
§h>§ » t== h—E ’ éf('ﬁ B OEE R o

1
(©) ¢ (b)(i) wt=+ /h—E s sl i B(h,0) i ik s tom ) my %

tA4h—2 o %X a 5i5d 5 Rk & 5 B

| m—m,| | 2van=2 | |2van—2

I=tana = = =
L+mm,| [1-(4h-2)| | 3-4h |

o

o

35 @3] (G-4hY —44h=2)=0 - 16K ~40h+17=0 - —;Ihiif

10



4. (a)@)
z= I+ :\/E(COSZH.SIHZ):L(cos(z—z)ﬂ'sin(z—z)j
1+43i  2(cosz+isinz) 2\ 4 3 4 3

= %(cos(—%) +1 sin(—%)j

(i)
1 2019~ .. 20197
2" = 201972 (COS(_ 12 )+isin(— D )j
1 3z, .. 3z 1 . ..z
~ H2000 (COS(_1687I_E) +lsm(_1687f_6)] = W(COS(_Z)—HSIH(_Z)]

1 1 .1 1 .
:22019/2 ﬁ_lﬁ = 100 (1-1)

(b)()
cos7a =Re[(cosa +isina)’]
_ 7 5 5 c 2 3 3 : 4 1 : 6
=cos' a—Cjcos’ asin”a+C; cos” asin” a—C; cosasin’
=cos’ a —21cos’ a(l—cos’ @) +35cos’ a(l—cos’ &)’ — Tcosa(l—cos’ )’

=64cos’ a—112cos’ a +56¢cos’ @ —Tcosa

(i) * ~4 x=4cos’a ’ ¥ 64cos’a—112cos* a+56cos’a—7=0 -
3%k cosa 7 64cos’a—112cos’ a+56cos’a—Tcosa=0 o

IR B cosaz20% 0<a<2r EE T2 cosTa=0 > m Hjz3

a=Z k7 k=0,1,2,4,56 ° ¥ cos> = cos’ X 5 cos X = cos? LT 3
14 7 14 14 14 14
cos? % = cos? 2F. o fRenfE L dcos’ - 4cos v 4cos’ o,
14 14 14 14 14

11



- (@)

1 & bl |1 a’ bc 1 a’ bc

1 b acl=0 b’-a’ cla-b)|=(b-a)c—a)0 b*+ab+a’ -c

1 ¢ abl 0 —a’ bla—c) 0 c*+ac+a> —b
1 a’ bc 1 a bc
=(b—-a)(c—a)|0 b’ +ab+a’ — |=(b—a)(c—a)c-b)|0 b +ab+a’ —c
0 *=b*+a(c—b) c-b 0 c+b+a 1

=(a—b)b-c)c—a)a’ +b*+c” +ab+ac+bc)

1 -2 p
b)) (E) 7 - fEehig iz £-1 1 2120 pihPig e FlL
-1 p 2

x—2y-3z=¢q 5
(iii) % p=-3 » J&_(E) & -y —z=l+q  KHFZ 2 F = ﬁ%“‘sﬁi?@q:—z
—Sy—-5z=¢q
x—2y—3z=—E 3
% 41‘ T x=f—Z’y —toz=to BV L5 ke
— —zZ=——
d 4



Suggested Answer

1. (a) (i) Since APAB s equilateral and N is the midpoint of 4B, we have PN L AB.
Given the planes PAB and ABC are perpendicular, hence PN is perpendicular

3

to plane ABC. As |PN|= |AP|sin% = and

N N3

the area of ABCM = %|AB||BC| = 72 , the volume of P—BCM is TR

(i) From |[BM|=|PM|= \/g, APMB s isosceles. Given|PB| =1, by direct

5
calculation, the area of APMB is I Let /4 be the distance from point C to the

Sh
plane PBM. Then, the volume of C—PBM is T Together with the result in

(1), we get h:\/g.

(b) (1) By direct calculation, MN|2 = % , MC|2 :%’ NC|2 :%. Since
|MN|2 + |MC|2 = |NC2 , ZNMC is aright angle.

(ii) Since PN is perpendicular to the plane ABC, the projection of PM on the plane

ABCis NM .Hence /PMC = /NMC = % .

) PN NE)
dihedral angle N -MC—-P = ZPMN =tan™ [Pl =tan"' Bz

|MN| B4

3

2. (@) (@) f(x):jx2—2x—3dx:%—x2—3x+C, f(0)=3=C=3. f"(x)=2x-2.

() f'X)=0x"-2x-3=0=(x-3)(x+1)=0<=x=3 or x=—1.
When x<-1, f'(x)>0.Hence f(x) is increasing.
When —1<x<3, £'(x)<0.Hence f(x) is decreasing.
When 3<Xx, f'(x)>0.Hence f(x) is increasing.

Consequently, f(-1)= % is a local maximum point and f(3)=-6 is a local

minimum point.



f"(x)=02x-2=0<x=1.
When x<1, f"(x)<0.Hence f(x) is concave. When x>1, f"(x)>0. Hence

f(x) is convex. Hence, f(1)= —% is an inflection point.

(iii)

v

4 2 2 4 X6
-2
-4
-6
-8
(iv)
8 A
y
y=Ifx)]
» X
-6 -4 -2 0 2 4
, y=—x>+4x+3
(b) When x2>1, solving , we get x=3.
y=3x-3
, y=—x>+4x+3
When x<I, solving , we get x=0.
y=3-3x

When 0<x<3, the curvey=3‘x —u is below the curve y=—x2 +4x+3. Hence the

required area is

jol(—x2 +dx+3)—(3-3x) dx+f(—x2 +4x+3)—(3x—3) dx

:_[Ol—xz +7x dx+f—x2 +x+6 dx

x 7, l ¥ ox ’
=|——+4+—=x" | +|——+—+6x
3.2 3 2 |

14



3. (a) (i) From {y

2

, we get

y=mx+c

m’x* +(2me—-1x+c¢>=0.

As y=mx+c isatangent line of P, (*) has a double root and hence its

discriminant is 0. Thus (2mc—1)* —4m’c®> =0, i.e. 4mc=1.

1
(i1) From (i) an equation of the tangent line is y = mx +4— . As the tangent line
m

passes through A(¢*,¢), we get

1
t=mt’ +—
4m

:>4m2t2—4mt+1:O:>(2mt—1)2=O:>2mt:1:>m:%_

(b) (i) y=—2t(x—1)+1¢
(ii) The normal line passes through B(4,0) ifand only if 0=-2t(h—1)+t¢.

As t#0, we

have 2h—1=2¢".

1
As 2t* >0, the normal line passes through B(h,0) if and only if /> 5

When />—

/ 1
; , t=%|h ~3 and hence there are two normal lines.

(*)

/ 1
(c) From (b) (i), t==,|h =5 and so the slopes m,, m, ofthe two normal lines passing

through B(h,0) are tv4h—2. Leta be the angle between the two normal lines. Then

l=tana =

| m—m, |:| 2an—2 | |2Jan—2|

L+mm,| [1-(4h=2)| | 3—4h |
5+4/8

Hence, (3—4h)’ —4(4h—2)=0,i.e. 164> —40h+17=0. Thus h:T.

4. (a)(@)

(i)

1+i x/z(cos%ﬂ'sin%) 1

— (cos(% - %) +1 sin(% - %))

1443 2(cosz+ising) A2

2019 1
- 22019/2

1

= 520192
2

1

= 201972

= %(COS(—%) + isin(—%))

cos(—

20129”)+isin(

20197
1 - )j

12
cos(—1687 — 3—7[) +isin(—1687 — 3—ﬁ) 1 cos(—z) +i sin(—z)j
12 127) 22" 4 4

1

15



(b) ()

cos7a =Re[(cosa +isina)’]
) .4 1 .
=cos’ a—C; cos’ asin’ a + C; cos’ aesin® a — C) cos arsin’ o
7 5 2 3 2 2 2 3
=cos' @ —21cos’ a(l-cos” @) +35cos” a(l—cos” )" —7cosa(l—cos” @)

=64cos’ a—112¢cos’ a +56¢os’ a — T cosa

(ii) Using the substitution x = 4cos’ a, we get 64cos’a —112cos* o +56cos’a—7=0.

Multiplying it by cosar , we get 64cos’ @ —112cos’ a +56cos’ a—Tcosa =0.

Thus, we need to solve cos7a =0 under the conditions cosa #0 and 0<a <2r.

The solutions are ¢ = %+ kTH, k=0,1,2,4,5,6.

As cos? = cos? 13—”, 237 _ cos’ % and cos’ ?—Z = cos’ ?—Z, the solutions

cos
14 14

of the given equation are 4cos? -, 4cos’ % and 4cos ..

(a)
1 & b |1 a’ bc 1 a bc
1 b acl=0 b’-a’ cla-b)|=(b-a)c—a)0 b*+ab+a’ —c
1 ¢ abl 0 —a’ bla—c) 0 c*+ac+a> —b
1 a’ bc 1 a bc
=(b—-a)c—a)l0 b’ +ab+a’ —c |=(b—a)(c—a)c-b)|0 b +ab+a> -c
0 *=b*+a(c—b) c-b 0 c+b+a 1
=(a—b)b-c)c—a)a’ +b*+c” +ab+ac+bc)
1 -2 p
(b) (i) The condition that (E) has a unique solutionis|-1 1 2|=0.
-1 p 2
The range of p is {p:p#-3 and p#2}.
(i) x=—2> y=-3 z=1.
x—2y-3z=q
(iii) Let p=-3. From (E) we get —y —z=14¢q. From the second and third
—Sy-5z=¢
5 x—2y—3z=—é 3 1
equations we get q=—Z.Solving X ,weget X=ft——_  y=—-—1,

z=t,where fis areal number.





